We prove that in bosonic quantum mechanics the two-point spectral form factor can be obtained as an average of the two-point out-of-time ordered correlation function, with the average taken over the Heisenberg group. In quantum field theory, there is an analogous result with the average taken over the tensor product of many copies of the Heisenberg group, one copy for each field mode. The resulting formula is expressed as a path integral over two fields, providing a promising approach to the computation of the spectral form factor. We develop the formula that we have obtained using a coherent state description from the JC model and also in the context of the large-N limit of CFT and Yang-Mills theory from the large-N matrix quantum mechanics.
Introduction
Many-body quantum chaos [1] plays an important role in the strong coupling dynamics of systems in many fields of physics, including condensed matter physics, quantum information theory, and quantum gravity. Although one cannot rely on the characteristic exponential sensitivity to initial conditions when considering unitary quantum evolution (see for example [2] ), quantum chaotic systems share common features.
Two main criteria used to decide if a system exhibits quantum chaos or not, are the spectral form factor (SFF) [3] and the out-of-time ordered correlation function (OTOC) [4] . These probe the irregular dynamics and sensitivity to the initial conditions respectively. The motivation for the SFF is rooted in random matrix theory [5] . It is conjectured that a generic quantized system with a classical chaotic limit should exhibit the spectral statistics of a random matrix ensemble. A concrete realization of this conjecture is that of Sinai's billiard [6, 7, 8] . A more recent related proposal identifies the late time behavior of certain strongly coupled theories (including the Sachdev-Ye-Kitaev (SYK) model) [9, 10] with a large number of degrees of freedom, captured in the two-point SFF g 2 (β, t) ≡ R 2 (β, t) R 2 (0, t) ; R 2 (β, t) ≡ |Tr (exp(−βH − iHt)) | 2
with a dynamical form of random matrix universality [11] . In the above β is the inverse temperature and H is the Hamiltonian of the system.
In contrast to the SFF, the OTOC probes chaos at early time [4, 12] . This should be due to the quantum uncertainty relation or losing infinitesimal perturbation in a local quantum system [2] . In chaotic systems, the OTOC exhibits exponential decay with rate λ and converges to a persistent small value. A semiclassical analysis shows that the rate λ is naturally related to a Lyupanov exponent [4] . Under some natural assumptions, it is possible to prove the bound λ ≤ 2π/β in the regularized OTOC [13] , revealing that λ is an interesting quantity for theoretical considerations. Note that it has been shown that the unregularized OTOC does not share the universal Lyapunov exponent with the regularized OTOC due to the sensitivity of the infrared regulator [14, 15, 16, 17, 18, 19, 20, 21, 22, 23] . Further, protocols to measure the regularized OTOC have been given [24, 25, 26] , applied to Jaynes-Cummings (JC) interactions [27, 28] and the Loschmidt echo [29, 30] , and implemented [31, 32] which confirms that λ is an experimental observable. Taken together, these facts establish the OTOC as a useful probe of quantum chaos.
Recently, the saturation of the OTOC at late times has been studied by connecting to spectral statistics through the correlation functions [2] . This motivates the central question that we would like to address in this letter: What is the relation between the spectral statistics and OTOC? This question is key to relating the early and late time quantum behavior of a chaotic system. An important result in this direction was obtained in [33] , where it was argued that the SFF can be obtained as an average of the OTOC. Since this is the key focus of our article, we will review the argument of [33] .
Consider a quantum system with dynamics in an L-dimensional Hilbert space. Recall the average over L × L unitary matrices with the Haar measure is [34] 
The integral over A is over all possible unitary operators on the Hilbert space. In terms of the regularized two-point OTOC (ρ ≡ exp(−βH) is the density matrix)
it is clear that
where we used (2) in the second equality. This result achieves a direct link between spectral properties of a quantum system (embodied in the SFF) and more intuitive notions of chaos like the Lyapunov exponent (visible in the OTOC).
We generalize this result to bosonic quantum mechanics and quantum field theory. This is non-trivial since the Hilbert space is infinite dimensional, suggesting that we need to average over U(∞). The corresponding Lie algebra is the set of all hermitian operators. At classical level, the functions W with the Poisson bracket {x 1 , x 2 } = 1 close the W ∞ algebra [35] . This Lie algebra has an infinite number of generators and, hence, defines an infinite-dimensional group. We need the quantum version obtained by replacing x and p with the canonical position operator X and canonical momentum operator P . Averaging over this enormous Lie group is complicated and obscures the link between the OTOC and SFF. In the next section, we argue that this conclusion is too hasty: the relationship between the OTOC and SFF only requires an average over the Lie group generated by X and P . This dramatic simplification has conceptual implications: it is more feasible to find a simple interpretation for averaging over what is essentially classical phase space [36] , than averaging over Hilbert space.
Main Result
The Heisenberg group is a two-dimensional Lie group generated by X and P , with the usual Lie algebra [P, X] = −i. A general element of the group is specified by the variables, q 1 , q 2 , as follows
We have U(q 1 , q 2 )U † (q 1 , q 2 ) = 1. By direct computation, we find
which is precisely the analog of (2) [33, 34] What we obtained precisely follows from the properties:
It is simple to repeat the computation in any convenient basis. For applications in higher dimensions it is necessary to include multiple copies of the Heisenberg group element.
The formula (6) already implies that the SFF [3] is obtained as an average of the two-point OTOC [33] O(x, t, q 1 ,
over the Heisenberg group
As an illustrative example, consider the harmonic oscillator. The Hamiltonian of the harmonic oscillator is
where ω is the frequency. Using the spectrum of a harmonic oscillator, it is simple to obtain
The solution to the Heisenberg equation of motion is
where X(0) and P (0) are Schrödinger picture operators. Hence the two-point OTOC is given by
Given this explicit OTOC, we can verify that the SFF is obtained as an average over the Heisenberg group. The average is integrating over q 1 , q 2 (with a 1/2π factor) and the trace is an integral over x. The integral over q 2 is performed using the delta function. The remaining two integrals are Gaussian integrals and easily performed. Although we have only discussed the β = 0 case for simplicity, we have verified the connection for β = 0.
Rewrite this computation in terms of oscillators since this generalizes easily to noninteracting scalar field theory, which is an assembly of non-interacting oscillators. Using
the unitary operators that we have considered are given by
The relation between the two-point OTOC and SFF is as before. Now consider a noninteracting scalar field theory, in a box (with a periodic boundary condition), so that momenta k are discrete, with an oscillator for every k. The Hamiltonian is
where V is the volume of the box. Theã † andã are the usual creation and annihilation operators in the box, and they satisfy the commutation relation
where
with m the mass of the non-interacting scalar field. Hence we can perform the field redefinitionã
and apply the result of the harmonic oscillator to the non-interacting scalar field theory.
The relevant unitary operator is
The unnormalized two-point SFF written at β = 0 for simplicity, for the non-interacting scalar field, is given by
We are now using a square bracket notation to stress that U is a functional of q 1 ( k) and q 2 ( k), that is, that U[q 1 (·), q 2 (·)] depends on the functions q 1 ( k), q 2 ( k) and not just their values at some momentum k. Notice that we are integrating over all possible values of each of the variables q 1 ( k) and q 2 ( k), for every possible k, that is, we are performing a path integral over the fields q 1 (·) and q 2 (·). We could write the averaged OTOC as
This formula for the SFF in quantum field theory is a promising starting point: any of the standard approximation techniques used to study the path integral can be applied.
3 Late-Time Limit: Coherent State and Large-N For applications to black hole physics, we want the late time behavior of the SFF which is a probe of information loss [3, 37] . Typically a large time limit is a classical limit of sorts [38] , conveniently described with coherent states (with minimum uncertainty) [39] . Our first example is a model from quantum optics, the JC model, and we develop the coherent state language to study the averaged OTOC. Our choice of model is guided by the fact that protocols to measure the OTOC in the JC model have been advanced in [27] . Another setting in which it would be desirable to have a better understanding of the SFF is large-N CFT and large-N Yang-Mills theory, which is interesting in the quantum gravity community. For these theories, the planar limit is a theory of generalized free fields, and our simple formulas developed for the oscillator are applicable. We demonstrate this with a simple example from matrix quantum mechanics: the planar limit of the oscillator perturbed by a quartic potential.
We consider the exactly solvable model from the two-photon non-degenerate JC model with the rotating wave approximation, which ignores the oscillating fast term [28] . The effective Hamiltonian is
The frequency of two photons ω 1 and ω 2 coincide perfectly with the cavity modes. The σ's are Pauli spin operators for the two-level atom of frequency ω 0 . The parameter g a is the atom-field coupling constant. The frequency difference between the two modes is
and the detuning parameter is
Note that
The exact spectrum of this model can be solved for [28] , and it is thus straightforward to compute the SFF. For this model we wish to show that the averaged OTOC again reproduces the SFF and showcase that the coherent state language is natural for the computation. The coherent states that we use are:
Completeness of the coherent states is
In terms of the unitary operator
we compute the regularized two-point OTOC (repeated indices a, b are summed over 1,2)
where [· · · ] aa is the matrix element of the row-a and the column-a with the repeated summation. To evaluate the OTOC we insert as many of the coherent state identity resolutions as required. Direct computation gives
This matrix element is common for any two-particle problem -it is the coherent state expectation value of an element of the two-particle Heisenberg group. The dependence on the coherent state parameters is noteworthy: the integrations that we need to perform over coherent state parameters are Gaussian integrals, which is a nice simplification that will be present in any problem. We also suggest an interpretation for the averaging over the Heisenberg group: the average treats classical phase space points as an ensemble for collecting statistical data about the dynamics. This interpretation is used below to understand why the SFF develops a plateau at late times.
By performing the prescribed average for the OTOC we recover exactly the SFF. Exact computation is no doubt because the model is solvable. In general, we will not be able to carry things out exactly. Nevertheless, given that t is a large parameter, the final integrations naturally lend themselves to saddle point evaluations.
One of the settings in which we expect that our result will have immediate applications is the large-N limits of conformal field and gauge theories. As an illustrative example, consider large-N matrix quantum mechanics. In this case, the large-N theory enjoys factorization [40] which can be exploited to simplify the analysis. Concretely, consider the model
where j = 1, 2, · · · , N, and g is the coupling constant. Using the simplifications of the large-N, we replace this Hamiltonian with the approximate form (σ is a constant.)
The 't Hooft coupling constant λ ≡ gN is fixed as we scale N → ∞, and we determine
from the two-point function. Repeated indices in the Hamiltonian are summed. The large-N theory is harmonic oscillators but now with a modified frequency. To determine σ, note that the large-N Schwinger-Dyson equation for the two-point function is
Therefore, we obtain the following:
Setting t − t ′ = ǫ and then choosing the vanishing limit ǫ → 0 + , we have
which is easily solved. In terms of this σ, the two-point SFF can be computed exactly
for β = 0. We have found good qualitative agreement between the large-N result and numerical result for N = 3. The result showcases how the methods of large-N can be used to simplify the analysis, and we expect to find applications for our result within this setting.
Outlook
Our basic result is a sharp insight that touches on a long-standing open question: the old conjecture that a generic classically chaotic system, when quantized, exhibits the spectral characteristics of the random matrix ensemble consistent with its symmetries. There are many possible extensions. One could consider large dimension operators (with dimension scaling as O(N 2 )) in a large-N CFT with a gravity dual. The computation of the SFF in this setting is related to the black hole information problem [41] . Another direction to explore is the long-time limit of the SFF. On short time scales (small t) the factor exp(±iHt) oscillates slowly on phase space. The averaging over the Heisenberg group uses comparatively narrow Gaussians, and this does not remove many details of the oscillations. For large times, the oscillations of exp(±iHt) are very rapid and the Gaussians are comparatively broad so that they smooth away all the details that would be present in the exp(±iHt) oscillations, providing an explanation of why the SFF approaches a constant value at late times -the so-called plateau [3, 11] . Our formula may provide insight into the time scale at which we transition to the plateau, something that deserves further study. Finally, if we interpret the average over the Heisenberg group as treating classical phase space points as an ensemble for collecting statistical data about the dynamics, it is natural to ask if, for an ergodic system, the OTOC [4] might be self-averaging. In this case, one might be able to get the SFF from the OTOC of two "typical" unitary operators, rather than having to average.
